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Outline

1d model with variable dimension

Ultrametricity

Hierarchical clustering

2 / 10



1-dimensional long-range spin glass

N Ising spins Si = ±1 on a ring
tunable long-range interaction
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[Kotilar/Anderson/Stein, PRB 1983]

Phase diagram:

close to σ = 2/3:
deff ≈ 2/(2σ − 1)
[Bhatt/Young, JMMM 1986]
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Nature of the spin-glass phase

Mean-Field Picture
σ < 1/2 ←→

Droplet Picture
σ > 1
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Ultrametricity
Distance dαβ = 1− |qαβ | → respects spin-flip symmetry

Ultrametricity (proven σ = 0):
dαβ ≤ max{dαγ , dγβ}
→ dmax ≥ dmed≥ dmin

⇒ dmax = dmed

→ K = (dmax − dmed):
P(K )→ δ(K ) for N →∞

But: Random bits (N →∞):
dmax = dmed = dmin

→ K = (dmax − dmed)/ρ
(ρ width of d distribution)

Numerics: Parallel Tempering Monte Carlo T ∈ [0.4Tc , 1.4Tc]
[H.G. Katzgraber and AKH, arXiv:0807.3513]

5 / 10



Hierarchical Clustering

Start: Z configs = Z single configuration clusters
Cα = {Sα} initial distances d̃(Cα, Cβ) = dαβ

Merge iteratively nearest clusters Cnew = Cα ∪ Cβ , update
d̃(Cnew, Cγ) = . . . (γ 6= α, β), until one cluster left.
[J.H. Ward, J. Am. Stat. Assoc. 1963]
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βαd(S , S ):

6 / 10



Sample results

SK model (σ = 0.0), L = 1024, 100 configurations
T = 0.4 T = 1.4

(distance of horizontal line from matrix↔ distance of clusters whe merged)
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Number of clusters
During clustering at step i : M(i) = M − i clusters {Cγ}
For each cluster C:

spread
[Kelley/Gardner/Sutcliffe, Prot.Eng.1996]

spC =
2

|C|(|C| − 1)

∑
α 6=β∈C

dαβ

→ averaged + normalized spread spnorm
i ∈ [1, M − 2]
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Pi := spnorm
i + γM(i) (γ= “sensitivity”)

- spnorm
i small, if clusters compact

- M(i) small, if few clusters

→ Imin = argmini{Pi}, c = M(imin) = number of clusters
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For each system size N:
For 100 realizations of set of M random strings (T =∞):
Choose γ such that c = c0 = 1.1

Results:

[H.G. Katzgraber and AKH, arXiv:0807.3513]

Result depends on c0: peak moves left for decreasing c0
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Summary

1d long-range model:
tunable from mean-field to simple behavior

Normalize “degree of ultrametricity” by
width of distance distribution
→ Exhibits ultrametricity close to σ = 1 (deff = 2)

Determine clusters via “spread” of configurations
→ Cluster numerically “visible” close to σ = 1.
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