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Models for disordered and correlated environments

starlr07

A. Weak disorder, cperc < c≤ 1 B. Strong disorder, c = cperc

g(R)∼ R−a

uncorrelated

universality unchanged

long range correlated

universality may change

incipient  percolation  cluster

universality and upper crit. dim. change

4−d = ε
νsaw = 1/2+ ε/16

Kim ’82

4−a = δ≤ ε/2 6−d = ε > 0
ν = νsaw = 1/2+ ε/16, ν = 1/2+ ε/42,
ε/2≤ δ≤ ε: ν = 1/2+δ/8.
Weinrib, Halperin ’83 Y. Meir, A. B. Harris’89,
V. Blavats’ka, CvF, Yu Holovatch ’01 CvF, V. Blavats’ka, R. Folk, Yu Holovatch’04

O. Stenull, H.-K. Janssen ’07
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Polymer

a

Nsteps

random walk P(R)∼ e
−

R2

Na2

R end-end

FLORY:

cloud of monomers ρ∼
N

Rd that interact at overlap

v excluded volume

minimize: R∼ N
3

d +2 = NνFlory

→ free Energy
1

kT
F (R)∼

R2

Na2
︸︷︷︸

elastic

+ Nv
N

Rd
︸ ︷︷ ︸

overlap
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s4/p05

self−avoiding random walk

Paul Flory
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Perturbation theory

=

The perturbation series diverges (in particular for N→ ∞).
De Gennes (1972):

Polymer theory may be mapped to spinmodel.
Exponents of the O(n)-symmetric spinmodel for n = 0

De Gennes, Phys. Lett. A 1972 (N.L. 1991) 

Z(N) =

∫ N∏
j=1

drj exp{−
1

4ℓ2

N∑
j=1

(rj−rj−1)
2−βℓd

∑
i 6=j

δd(ri−rj)}

+β

∼ N1/2

+β2

∼ N
+β2

∼ N

s4/p12
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N

N

N

N
2

1

Schäfer,vF,Lehr,Duplantier Nucl.Phys.B 1992

〈(rN − r1)
2〉 ∼Nν

Partition function
Number of Configurations

• linear chain

• star polymer

f arms, length N

• network

F chains, LG loops

fugacity z

f

N

fk = 4

f1 = 1
s4/p13a

• linear combination

• Partition function

• Radius

• Family of exponents γ f

ZG (N)∼zFNN
γG −1

Z f (N)∼z f NN(γ f −1)

Z1(N)∼zNNγ−1

γG −1= dνLG +∑
k

(

γ f k
−1

+
fk
2

(γ−1)

)
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Mapping to Lagrangean field theory

Continuous model (Edwards): 

Laplace transform:
local operator product "     "

    − Lagrangean:

is an               component field.

Star partition sum, chain ends at             :r = 0

s4/p17

H [ra]

kBT
=

f

∑
a

Z Sa

0
ds

[
dra(s)

ds

]2
+∑

a,b

uab
2

Z

ddrρa(r)ρb(r)

ra(Sa)
ra(0)

ρa(r) =
Z Sa

0
δ(r − ra(s))

Z∗ f{Sa}=

Z

D[ra] ∏
a

δ(ra(0)) exp{−
H [ra]

kBT
}

Z̃∗ f{µa}=

Z ∞

0
∏
a

dSae−µaSaZ∗ f{Sa}=

Z

D[φa] ∏
a

φa(0) exp{−
L [φa]

kBT
}

L [φa]

kBT
=∑

a

Z

ddr{
µa

2
φ2

a(r)+[∇φa(r)]
2}+∑

a,b

uab
2

Z

ddrφ2
a(r)φ

2
b(r)

φa m= 0

φ f

φ4
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g(R)

g(R)

Long−range correlated medium

starlr11

uncorrelated

self−avoidance

average disorder configurations

Replica

Weinrib, Halperin ’83

disorder long−range coupling

g(R) ∼ R−a
LLR =

n
∑

α,β=1

Z

ddxddyg(|x−y|)~φ2
α(x)~φ2

β(y)

n-replicated O(m)-symmetric m-vector~φ model

L(~φ) = ∑
k

n

∑
α

1
2
(µ2

0 +k2)(~φα
k)

2 +
u0

4!

n

∑
α

∑
{k}′

(~φα
k1
~φα

k2
)(~φα

k3
~φα

k4
)

n,m→ 0:

u0

ĝ(k) ∼ v0 +w0|k|a−d

+
w0

4!

n

∑
αβ

∑
{k}′′

|k|a−d(~φα
k1
~φα

k2
)(~φβ

k3
~φβ

k4
).

〈lnZ〉 = lim
n→0

1
n
〈Zn〉
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starlr12

uncorrelated

self−avoidance Renormalization group flow

(P) stable

(LR) unstable

(LR) stable

disorder

g(R)∼ R−a

u0

ĝ(k)∼ v0 +w0|k|a−d

ε-δ expansion

w0 4−d = ε

4−a = δ

w w

u u

δ ≤ ε/2 ε/2 ≤ δ ≤ ε

f -arm polymer star
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 Blavat’ska, CvF, Holovatch  PRE (2001) 

• Partition function

Z f (N)∼z f NN(γ f −1)
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starlr12a

uncorrelated

self−avoidance
Renormalization group LR fixed point

Stability matrix eigenvalue
disorder

g(R)∼ R−a

u0

ĝ(k)∼ v0 +w0|k|a−d

w0 4−d = ε

4−a = δ

f -arm polymer star
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 Blavat’ska, CvF, Holovatch J Phys Cond Mat (2001) 

Z f (N)∼z f NN(γ f −1)

• Partition function
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Static separation

uncorrelated

star preference

chain preference

(same density)

long range correlated

Partition function

Free energy

starlr13Blavat’ska, vF, Holovatch, cond−mat (2006) 

f -arm polymer star
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Star−star interaction 

partition function:

free energy:

mean force:

r

1

kBT
Ff1,f2

(r) = − lnZf1,f2
≈ −Θf1f2

ln
r

R

1

kBT
〈F(r)〉 ≈

Θf1f2

r

f1

f2

s4/p14

Z f1, f2(r)∼rΘ f1 f2Z f1+ f2(N)

νΘ f1, f2(r) =γ f1 + γ f2− γ f1+ f2−1

Correlated disorder weakens

the effective interaction.
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DNA denaturation 

DNA double strand with bubblesℓ

Loop size distribution P(ℓ) =
1

ℓc

• loop

Kafri,Mukamel,Peliti EPJB (2002) 

Poland, Scheraga (1966) 

vF NucPhB (1997) 

s4/p72

short chain expansion

c determines phase transition:
c≤ 1:none, 1 < c≤ 2: 2nd, 2 < c: 1st order

Entropic contributions:

ηG= dLG +∑
k

(

η f k
−

fk
2

η2

)

• Graph G
ZG(N)∼z4NN−νηG

ℓ << N: ZG(N, ℓ)∼
(

z2ℓℓ−c
)(

z2NN−νη2
)

• loop exponent
c = νηG−νη2 = dν+2νη3−3νη2 = 2.11 in 3D→ 1st order transition?
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DNA denaturation in correlated disorder

Poland−Scheraga model of DNA denaturation

ℓ

Loop size distribution P(ℓ) =
1

ℓ
c

Kafri,Mukamel,Peliti EPJB (2002) 

s4/p72

c determines phase transition:
c≤ 1:none, 1 < c≤ 2: 2nd, 2 < c: 1st order

• loop exponent
c = dν−2(γ3−1)+3(γ1−1)

c = 3(0.588)−2(0.05)+3(0.15) = 2.11 no disorder(a=3)
c = 3(0.68)−2(−0.3)+3(0.38) = 3.78 LR disorder (a = 2.3)
• correlated disorder shifts the transition to 1st order.
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