Free zero-range process on networks

Collaboration

Work with L. Bogacz, W. Janke, B. Waclaw

Motivation:

Solvable and non-trivial model of non-equilibrium dynamics

Outline:
® zero-range process (ZRP);
e steady state and condensation (balls-in-boxes model);
e free ZRP + random geometry;

e summary;

Wio; =W,
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Zero-range processes

.

J

Identical balls = State of the system: C' = {ml, ma, . .. ,mN}

1
Hopping rate: ~ W;_; = W; = — u(m;)
d;
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Dynamics
State probability: P;(C') = Py(mqy,ma,...,my)

Dynamics:

dP,

H(C)
o= § (P(A)W(A - C) = P(C)W(C — A))

Steady state: %&C) =07

Off-equilibrium dynamics: P;(C) — P(C)
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Steady state exists! M.R. Evans

P(C) = p1(m1)p2(m2) ... pn(mn)/N

Balls-in-boxes model:

Zyn = Y pr(my)p2a(ma) ... pn (MmN )6y fmat-tma M
{mq}
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Condensation P.Bialas, Z.Burda, D.Johnston

Zun = Y p(ma)p(ma) ... p(mn)Sm, +ma-t-wtma, M
{mi}

1 2 3
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Condensation P.Bialas, Z.Burda, D.Johnston

Zaun = Y p(ma)p(ma) ... (N iyt M
{mi}

Phase transition

1 2 3

[oe
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Condensation mechanism

Zvn = /7T %e—iqu P(6)N :j{

o 2T

where P(¢) = > p(m) €™ = P(2) = 3 p(m) =™

m m

M
N

Phase transition in density p =

Saddle point solution z,, breaks down for p — p., because the saddle point hits

the circle of convergence of P(z).

For p > pe, one box contains (p — pe.-)IN balls!
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Occupation probability

Probability 7 (m) that a randomly choosen box has m balls:

N -fixed, p-varying p-fixed, IN-varying (x4)
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Free ZRP

1
Wi; =

qi

Steady state:

Zaun = Y pr(mi)pa(ma) ... px (MmN )by fmgt o,
{mi}

m

with p;(m) = q]

(q)

max

Relevant parameter: o =
Critical density: per ~ /(1 — «)

Single inhomogeneity graphs / Scale free networks
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Averaging over graphs
“Uncorrelated networks™:

(g1, 92, - - qn) ~ T(q1)II(ge2) .. . Tl(gn) N — o0

Z(M,N) = > p(ma)p(mz) ... t(mN) Gy 4oty M
{m}

where pu(m) = II(q)q™

In particular: I1(q) ~ (ko — k)>=! — @(m) ~m™°
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Dynamics C. Godreche, J.M. Luck

Condensate formation/evaporation

Typical time scale (Arrhenius law) 7 ~ €™ ~ 1/7(Mynin)

I

|

02 oﬁ4m / Moﬁes

T~ NP or 7~ e¥APN

Mean-field dynamics
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Summary

e simple solvable model with a non-trivial behaviour

e steady state (balls-in-boxes model)

e dynamics (condensate formation and evaporation)
e interactions with network geometry
Balls-in-boxes condensation / related models

e quantum gravity

random-trees (graphs)

wealth condensation

urn models

Hagedorn transition

Kac-Berlin solution of spherical model

Bose-Einstein condensation
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