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Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Generic random graphs

M. Weigel (HWU Edinburgh) Frustration from Fat Graphs 01/12/2006



Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Generic random graphs

Erdés-Rényi: N nodes with n randomly
set edges, Poissonian degrees
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Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Generic random graphs

Erdés-Rényi: N nodes with n randomly

set edges, Poissonian degrees
Regular Small-world

Barabasi-Albert: network growing with
preferrential attachment, power-law
degrees

Watts-Strogatz: interpolation between
regular lattice and Erdds-Rényi through

re-wiring o p—— pet
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Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Generic random graphs

Erdés-Rényi: N nodes with n randomly

set edges, Poissonian degrees
Regular Small-world

Barabasi-Albert: network growing with
preferrential attachment, power-law
degrees

Watts-Strogatz: interpolation between
regular lattice and Erdds-Rényi through

re-wiring Rrorp—— pet

In general: uncorrelated co-ordination
numbers, completely determined by
degree distributions, no topology.
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Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Thin graphs
Feynman diagrams generated by
integrals of the form

1 dg [ d¢ 1, 1 5
2mi | g+ /_Oo 7 exp| 2¢ +68¢]

@ similar to Erd6és-Rényi, but
@ fixed co-ordination number

@ no topology
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Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Thin graphs
Feynman diagrams generated by
integrals of the form o) 8 00

1 dg [ d¢ 1, 1
i gzzvil /_wgexp[—iqﬁz—l—ggcf] AN _é_ _O__8. 000 O

@ similar to Erd6és-Rényi, but

@ fixed co-ordination number y

@ no topology

M. Weigel (HWU Edinburgh) Frustration from Fat Graphs 01/12/2006 2/12



Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Fat Graphs

Generalize to matrix model:
/queiNTrV(qﬁ’g)

with, e.g., V(¢,8) = 1¢* — ¢’ or
V(p,g) = 1¢* — £¢* and for N — cc.
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Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Fat Graphs

Generalize to matrix model:
/dd)e*-’\/TfV(dﬁyg)

with, e.g., V(¢,8) = 1¢* — ¢’ or
V(p,g) = 1¢* — £¢* and for N — cc.

@ well-defined topology (i.e., planar)
@ fixed co-ordination number

@ not power-law

@ model of Euclidean quantum
gravity )
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Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Fat Graphs

Generalize to matrix model:
/queiNTrV(qﬁ’g)

with, e.g., V(¢,8) = 1¢* — ¢’ or
V(p,g) = 1¢* — £¢* and for N — cc.

@ well-defined topology (i.e., planar)
@ fixed co-ordination number
@ not power-law
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gravity y
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Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Voronoi-Delaunay

Poissonian Voronoi-Delaunay
triangulation:
@ neighborhood construction
from point set
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Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Voronoi-Delaunay

Poissonian Voronoi-Delaunay
triangulation:

@ neighborhood construction
from point set

@ Poissonian co-ordination
number distribution

@ well-defined topology

@ correlations in co-ordination
numbers
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Random graphs and surfaces

Random graphs and surfaces: a genealogy

A whole zoo of random graphs and surfaces has recently attracted the
attention of physicists.

Voronoi-Delaunay

Poissonian Voronoi-Delaunay
triangulation:

@ neighborhood construction
from point set

@ Poissonian co-ordination
number distribution

@ well-defined topology

@ correlations in co-ordination
numbers

@ trivial fractal dimension
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Spin models on random graphs

Measure of the “strength” of this geometric randomness: effect on Ising or
Potts ferromagnet.

Generic random graphs

In general, one finds mean-field
results. Well tractable with generating
function techniques.

@ deviations from mean-field, when
moments of P(k) diverge
(Dorogovtsev et al., 2003)

@ interesting dynamical phenomena
for the non-static ensembles

@ Watts-Strogatz graphs interpolate
between mean-field and regular
case
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Spin models on random graphs

Measure of the “strength” of this geometric randomness: effect on Ising or
Potts ferromagnet.

Generic random graphs Thin graphs

In general, one finds mean-field @ mean-field like
results. Well tractable with generating
function techniques.

@ useful since tractable with

field-theoretical methods
@ deviations from mean-field, when

moments of P(k) diverge
(Dorogovtsev et al., 2003)

@ sometimes more convenient than
Bethe lattice, since no boundaries

@ interesting dynamical phenomena | (Johnston, Janke et al., 1994-2002)
for the non-static ensembles

@ Watts-Strogatz graphs interpolate
between mean-field and regular
case
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Spin models on random graphs

Measure of the “strength” of this geometric randomness: effect on Ising or
Potts ferromagnet.

Voronoi-Delaunay Thin graphs

Weakest form of disorder considered @ mean-field like
here.

@ useful since tractable with
@ apparently unchanged exponents field-theoretical methods
for 2D, 3D Ising models (Janke

@ sometimes mor nvenient than
et al., 1994-2002) sometimes more convenient tha

Bethe lattice, since no boundaries
@ Harris criterion has to be adapted

due to correlations (Janke, M, (Johnston, Janke et al., 1994—20022
2004)

@ disagreement, however, between
predictions of this criterion and
results for the Potts model
(Janke, MW, 2003)
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Spin models on random graphs

Measure of the “strength” of this geometric randomness: effect on Ising or
Potts ferromagnet.

Voronoi-Delaunay Fat graphs

Weakest form of disorder considered Can solve a series of matrix models.
here. annealed:
e ?ppzaéenté)ylupchangdedl exponents @ the quantum gravity case
or 2D, 3D Ising models (Janke @ exponents change according to
et al., 1994-2002) KPZ/DDK formula
@ Harris criterion has to be adapted X
due to correlations (Janke, MW, A= VI—c+24A-VT-c
2004) \/2576‘7\/176’
@ disagreement, however, between @ exponents change, but not to
predictions of this criterion and mean-field values
results for the Potts model @ many exact results: Ising, Potts,
(Janke, MW, 2003) O(n) models
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Spin models on random graphs

Measure of the “strength” of this geometric randomness: effect on Ising or
Potts ferromagnet.

Fat graphs Fat graphs

quenched: Can solve a series of matrix models.
@ exponents should always change annealed:
according to relevance criterion @ the quantum gravity case
@ consistent with exact result for @ exponents change according to
percolation KPZ/DDK formula
@ consistent with numerical results
for g < 4 Potts model (Janke, A:\/1—6+24A—\/1—C
Johnston, Wernecke) V25 —c—+/1—c¢
@ first-order transitions of ¢ > 4 h b
Potts model softened to second ° expone_nts LS, BT et e
order (Janke, Johnston) mean-field values .
y @ many exact results: Ising, Potts,
O(n) models
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Spin models on random graphs

Effect on ferromagnets is rather weak. What about antiferromagnets, where
frustration comes to play?

Regular lattices
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Spin models on random graphs

Effect on ferromagnets is rather weak. What about antiferromagnets, where
frustration comes to play?

Regular lattices

@ square lattice: Néel order N N d
with phase transition N
equivalent to the ferromagnet
as seen from the Mattis " N
transformation of one N
sub-lattice Y L L
J X N
N
X X |

M. Weigel (HWU Edinburgh) Frustration from Fat Graphs 01/12/2006 4/12



Random graphs and surfaces

Spin models on random graphs

Effect on ferromagnets is rather weak. What about antiferromagnets, where
frustration comes to play?

Regular lattices

@ square lattice: Néel order
with phase transition
equivalent to the ferromagnet
as seen from the Mattis
transformation of one
sub-lattice

(NONCNCNN
@ triangular lattice: A'A"'A""
paramagnet down to zero AVM"'A""

N B N SAVAVAVAVAVA

M. Weigel (HWU Edinburgh) Frustration from Fat Graphs 01/12/2006 4/12



Random graphs and surfaces

Spin models on random graphs

Effect on ferromagnets is rather weak. What about antiferromagnets, where
frustration comes to play?

Regular lattices

@ square lattice: Néel order
with phase transition
equivalent to the ferromagnet
as seen from the Mattis
transformation of one
sub-lattice

(NONCNCNN
@ triangular lattice: A'A"'A""
paramagnet down to zero AVM"'A""

temperature (wannier, 1950)
order depends on bipartiteness ) AW""A'A'A"
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Random graphs and surfaces

Spin models on random graphs

Effect on ferromagnets is rather weak. What about antiferromagnets, where
frustration comes to play?

Random graphs

@ Generic and thin random
graphs: not studied in detalil
(?7), probably mean-field spin
glass

AVAVA A
2y AVAVAVAVAVAN

AWYAVAVAVAVAVAVA
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(?7), probably mean-field spin
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Random graphs and surfaces

Spin models on random graphs

Effect on ferromagnets is rather weak. What about antiferromagnets, where
frustration comes to play?

Random graphs

@ Generic and thin random
graphs: not studied in detalil
(?7), probably mean-field spin
glass

@ Voronoi-Delaunay: not
studied

@ Fat graphs: not studied

AVAVA A
2y AVAVAVAVAVAN

AWYAVAVAVAVAVAVA
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Spin models on random graphs

Effect on ferromagnets is rather weak. What about antiferromagnets, where
frustration comes to play?

Fat graphs

Type Bipartite Annealed Quenched
quadrangulations v equivalent to FM equivalent to FM
triangulations = all triangles are frus- PM everywhere

trated, even at 7 = 0
= PM everywhere

¢* graphs — ground state is spin-glass order at
square lattice with 7 =0?
Néel order = finite-T
phase transition?

¢* graphs - GS is honeycomb lat. ~ spin-glass order at
with Néel order T =07
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Ground states and defect energies

Spin stiffness and zero-temperature scaling

Ferromagnet

b/
L b
t
Lt s
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Spin stiffness and zero-temperature scaling

Ferromagnet Spin glass

Distribution of couplings evolving under

T RG transformations, asymptotic width
4 t scales as
J(L) ~ JL@.

1 Spin-stiffness exponent # determines
lower critical dimension. For 6 < 0,

AE ~ L1 resp. L972 .
E~T", v=—1/0.

- | - |
¢ | Numerically, 9 can be determined from
l inducing droplets or domain walls with
Y P f -l a change of boundary conditions,
} | AE = |Exp — Ep| ~ L°.
> |- -l y

M. Weigel (HWU Edinburgh) Frustration from Fat Graphs 01/12/2006 5/12



Spin stiffness and zero-temperature scaling

Spin glass
@ ground-state problem is Distribution of couplings evolving under
polynomial — large systems RG transformations, asymptotic width
tractable scales as

J(L) ~ JLO@.

Spin-stiffness exponent 8 determines
lower critical dimension. For 6 < 0,

E~T", v=—1/0.

Numerically, 6 can be determined from
inducing droplets or domain walls with
a change of boundary conditions,

AE = |Exp — Ep| ~ L°.
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Ground states and defect energies

Spin stiffness and zero-temperature scaling

2D Ising Spin glass

@ ground-state problem is Distribution of couplings evolving under
polynomial — large systems RG transformations, asymptotic width
tractable scales as

J(L) ~ JL@.

2 *\\‘i\:\w 7] Spin-stiffness exponent 6§ determines
S lower critical dimension. For 6 < 0,
N e
L™ - L
= L ] E~TTY, v=-1/0.
L e row p Numerically, 8 can be determined from
0.4 = 5 Fon Gaussion 5 inducing droplets or domain walls with
e N a change of boundary conditions,
10 107 108
L AE = |Exp — Ep| ~ L°.

(Hartmann/Young, 2001)
v

M. Weigel (HWU Edinburgh) Frustration from Fat Graphs 01/12/2006 5/12



Spin stiffness and zero-temperature scaling

Spin glass
@ ground-state problem is Distribution of couplings evolving under
polynomial — large systems RG transformations, asymptotic width
tractable, 0 ~ —0.28 resp. 6 =0 scales as

J(L) ~ JLO@.

Spin-stiffness exponent # determines
lower critical dimension. For 6 < 0,

E~T", v=—1/0.

Numerically, 6 can be determined from
inducing droplets or domain walls with
a change of boundary conditions,

AE = |Exp — Ep| ~ L°.
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Ground states and defect energies

Ising ground states as perfect matchings

System energy equals total weight of energy strings pairing frustrated
plaquettes wouiouse, 1977,

E=- Z |/;5| + const.

strings
LT
T L
ILIEIIRE =R
1L LY.
L=
=
5 Uy B
|
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Ground states and defect energies

Ising ground states as perfect matchings

System energy equals total weight of energy strings pairing frustrated
plaquettes wouiouse, 1977,

E=- Z |/;5| + const.

strings
— | @ GS search corresponds to
= T - minimum-weight perfect
i matching problem
Ufu s
] @
A e | n
Eg =INNE gy
—1tI Ll @ a e
I
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Ground states and defect energies

Ising ground states as perfect matchings

System energy equals total weight of energy strings pairing frustrated
plaquettes wouiouse, 1977,

E=- Z |/;5| + const.

strings
—+ @ GS search corresponds to
] “TT T - minimum-weight perfect
= ,E P B E S matching problem
sl A R T s AT @ matching solution always
Hl n corresponds to spin
T T 1 nfiguration for planar graph
1 ﬁ o configuration for planar graphs
(1] | [ 1
—+ Ll @ o
I
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Ground states and defect energies

Ising ground states as perfect matchings

System energy equals total weight of energy strings pairing frustrated
plaquettes wouiouse, 1977,

E=- Z |/;5| + const.

strings
- n - @ GS search corresponds to
e = ﬁ = m|n|mgm-we|ght perfect
= =z matching problem
= =1 BT @ matching solution always

corresponds to spin
configuration for planar graphs
1 T can be solved in polynomial

_ |0 _ time using the “blossom”
m algorithm (Edmonds, 1965)

N — N
\ \_Ik al
—
il

1 | =
Lo
N
e
N
®
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Ground states and defect energies
Cutting graphs

Problem: how to generate fat graphs with boundaries?

Homotopy

Possible solutions:

@ keep torus boundaries fixed
(we start out with a hexagonal
lattice) = strong boundary
effects

@ keep track of the boundaries
as we update = becomes
very ugly

@ find the boundaries from
intrinsic properties: compute
an optimal homotopy basis
(Erickson, Whittlesley,
2005), possible in O(n? log n)
time
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Ground states and defect energies

Cutting graphs

Problem: how to generate fat graphs with boundaries?

Homotopy

Possible solutions:

@ keep torus boundaries fixed <> <>
(we start out with a hexagonal A
lattice) = strong boundary
effects

@ keep track of the boundaries
as we update = becomes

very ugly - < >
@ find the boundaries from ‘
intrinsic properties: compute o
an optimal homotopy basis ‘

(Erickson, Whittlesley,
2005), possible in O(n? log n)
time
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Ground states and defect energies
Cutting graphs

Problem: how to generate fat graphs with boundaries?

Homotopy

Possible solutions:

@ keep torus boundaries fixed
(we start out with a hexagonal
lattice) = strong boundary
effects

@ keep track of the boundaries
as we update = becomes
very ugly

@ find the boundaries from
intrinsic properties: compute
an optimal homotopy basis
(Erickson, Whittlesley,
2005), possible in O(n? log n)
time
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Ground states and defect energies
Length scales

What is the length scale relevant for domain-wall defects?

Domain-wall scaling

T Problem of non-trivial Hausdorff
dimension. Domain-wall energies
T should scale as

0, 7 16, 0s/d
|AEpw| ~ Ly ~ Ly ~ N /o

But scaling of Lpw can be
determined from the ferromagnet:
Lmin S LDW-
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Length scales

What is the length scale relevant for domain-wall defects?

Domain-wall scalin
AP :

Problem of non-trivial Hausdorff
dimension. Domain-wall energies
should scale as

0, 7 16, 0, /dy
|AEpw| ~ Ly ~ Leg ~ N /o

But scaling of Lpw can be
determined from the ferromagnet:
Liin < Lpw.

AP
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Ground states and defect energies
Length scales

What is the length scale relevant for domain-wall defects?

AP

AP

T T
o homotopy _
£10- J
-
a8
d,=4.0161(91)
4f+ B
L L L
16° 32° 64> 128° 256

M. Weigel (HWU Edinburgh)
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Length scales

What is the length scale relevant for domain-wall defects?

AP j—
o homotopy _
20f |+ fixed dh-4<513(72) |

d,=4.0161(91)

16 32 64 128 256°
N

Lunin ~ N4 with far less
corrections than conventional
approach!

AP
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Spin-stiffness exponent

A benchmark and universality test: the honeycomb lattice

Gaussian bond distribution

0.3

6,=-0.2843(44)

0.2

IAEL,|

16 32 64 léS 2156
L

|AEDW (L)| = E() AF SELO“

Eg=0: 6, =—0.2843(44), 0 = 0.29
Eg#0: 0, = —0.288(40)
Eo = 0.0026(261), Q = 0.20

M. Weigel (HWU Edinburgh)
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Spin-stiffness exponent

A benchmark and universality test: the honeycomb lattice

Gaussian bond distribution Bimodal bond distribution

T T T T T 1.1 i ; :
03F |
0,=-0.2843(44)
202" |
w
=i
LT 32 64 128 256
L
v
|AEpw(L)| = Ey + SgL%
_ I —
Ey—0: 6= —0.2843(44), 0 = 0.29 Eo = 0.991(15), 6, = —2.06(59), Q = 0.98
EO 75 0: Gs = —0288(40) = Q?ff =0
Eo = 0.0026(261), 0 = 0.20 : /
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Ground states and defect energies
KPZ exercise

Spin stiffness for the random-lattice case.

KPZ/DDK

If the spin glass on a regular lattice
corresponds to a ¢ = 0 CFT, then

VI4+24A — 1

A:
4

Conijecture for 6, /d:

Bonds Regular KPZc¢=0
+J 0 0
Gauss -0.1422 -0.0886
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Ground states and defect energies
KPZ exercise

Spin stiffness for the random-lattice case.

KPZ/DDK

If the spin glass on a regular lattice
corresponds to a ¢ = 0 CFT, then

VI4+24A — 1
S

A:

Conijecture for 6, /d:

Bonds Regular KPZc¢=0
+J 0 0
Gauss -0.1422 -0.0886

M. Weigel (HWU Edinburgh)

0.8

[AEL, |

o *J spin glass
o antiferromagnet

E, = 0.599(23)

\”'TIT"***—f——ffJ,fiiii
—
E, = 0.472(44)
I I I I
64> 128° 192 256°

Frustration from Fat Graphs

01/12/2006
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Ground states and defect energies
KPZ exercise

Spin stiffness for the random-lattice case.

KPZ/DDK = ‘ ‘ ;

o Gaussian spin glass

If the spin glass on a regular lattice
corresponds to a ¢ = 0 CFT, then

Ao VI+2A-1
4 6,/d, =-0.0684(25)
Conijecture for 6, /d: ol
. Il > Il > Il 2 Il > im) 2
Bonds Regular KPZc¢=0 U -

+J 0 0
Gauss -0.1422 -0.0886
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Domain-wall fractal dimension

Domain walls are fractal curves (SLE curves, actually).

Link overlap

1
a=~-> (8-S -5),

N
i)

should scale as
(1 — gy ~ N~/
Conjecture for d;/dj:

Bonds Regular KPZc¢=0
Gauss 0.6325 0.4666
+J ? ?
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Domain-wall fractal dimension

Domain walls are fractal curves (SLE curves, actually).

Link overlap Honeycomb lattice

! *
1 1 2 2 o Gaussian spin glass
ar= 728" 8")s7 577,

1 4= 0.0158(5) + A L™ ? |
(i) d /d = 0.6417(54)

should scale as

(1 — gy ~ N~/ d./d = 0.63248(88)
001 | |

Conjecture for d,/dj: 16 32 G A

Bonds Regular KPZc¢=0
Gauss 0.6325 0.4666
+J ? ?
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Domain-wall fractal dimension

Domain walls are fractal curves (SLE curves, actually).

! (1), gy(g@ . g@ NI
L X o +J spin glass <
q = A Z(Si -S; )(S;™ - h} ), 0-24 /d, = 0.6425(10)| ~ Gaugsia% <oin glass
(i) 320.05 d /d, = 0.6330(10) 7 |
should scale as =
0.01- /
(1 — gy ~ N~U=d/d), d./d, = 0.5042(24)
Conijecture for d;/dy: 16 32? s’f 128°  256°
Bonds Regular KPZc¢=0
Gauss 0.6325 0.4666
+J ? ?
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Ground states and defect energies
Conclusions

@ connectivity disorder from random graphs has much more dramatic effects on
antiferromagnets than on ferromagnets

@ the Ising antiferromagnet on the fat ¢* graphs of the dynamical triangulations
model shows T = 0 spin-glass order in the universality class of the +J spin glass

@ the quenched approximation to the KPZ/DDK formula is certainly not exact, but
indicates the right tendency

@ the ferromagnet with antiperiodic boundaries opens up a hew method to precisely
determine the Hausdorff dimension d,

Outlook:

@ determine the domain-wall fractal dimension for the discrete cases more properly
(see O. Melchert’s talk)

@ annealed cases:

@ do they show Néel order?
e finite-temperature transitions?
e which universality class? relation to KPZ/DDK?

@ all the other graphs ...

M. Weigel (HWU Edinburgh) Frustration from Fat Graphs 01/12/2006 12/12



	Random graphs and surfaces
	Ground states and defect energies

