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PROGRAM

> PROBABILITY DISTRIBUTION
> MASTER EQUATION
> QUANTUM APPROACH

“» SIMPLE EXAMPLE

“» COUPLING TO A SINGLE HEAT BATH
“+ INTERACTION

+ TWO RESERVOIRS



1. Equilibrium Statistical Mechanics
based on a secure foundation

probability distribution
iInteraction
environment

2. Nonequilbrium:
different approaches

Markovian models
Master equation

Input:
set of states
set of rates
detailed balance coupling to a single heat bath



I MASTER-EQUATION

‘TYPICAL NON-EQUILIBRIUM SITUATION
‘NO HAMILTONIAN-NO BOLTZMANN WEIGHT
*COARSE GRAINING OF SPATIAL SCALE
‘REDUCTION OF DEGREES OF FREEDOM
‘COARSE GRAINING OF TIME SCALE
*‘MESOSCOPIC APPROACH

‘PROBABILITIC APPROACH
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I MASTER-EQUATION

‘PROCESS

‘CERTAIN CONFIGURATION
*MARKOV PROCESS
‘UNIFORM IN TIME
‘CONTINUOUS IN TIME

OP(S,.- Sy H)= WS RS SRS

GAIN LOST

OP(S)=LP(S)
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SIMPLE EXAMPLE:
SPIN-FLIP

RATE : A(T..)
RATE : #(T,..)

T4
N
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DESCRIPTION

p,(t), p,(t) probab
Markov process

Pr(t+At)=p, ()yAt+ p,(t)(1- AAL)
dp , dp |

at =7 Py — 4 Py at = -7 P, + 4 Py
general

d

Fpazl—abpb

— A
I—ab:( }/j
A =y
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QUANTUM DESCRIPTION

OTHER LANGUAGE:

CREATION AND ANNIHILATION OPERATORS
10> = |T> 1>= [I>
d"|0> = |1>

d |[1> =10>

dd”™ +d"d =1

MAPPING TO  SPINS

S =1 -2d"d=1- 2n
S|1l>=-1]1> S|0>=+1|0>
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MAPPING TO A QUANTUM SYSTEM

[F(t)>= ) p(i,t)|fi>= §| F(t)>=L|F(t)>

<A'|L|Ai>=L,.
Example

d”|0>=|1> A — process
d|0> =|1> y— process

L, =2 [y(—d)d; + 2(1-d;)d]
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RESULT

<A>=<s|A|F> AVERAGE

0, < A> =<[AL]> EQUATION OF

MOTION
0, <n>=A<l-n>—-y<n>
n=d"d
A ]
<n>3 - — T
A+y e’ +l

A=pexp(—&/2T) y= uexp(e/2T)
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COUPLING TO A HEAT BATH

C, = (1= )exp-— )6, expl 2

H H

KT ) d;” exp( %) |

+ (1-d.)exp(

E E
A=u eXp(—ﬁ); Y= eXp(ﬁ)

H :Zgni

A<y T-o0:y>>A
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I GLAUBER MODEL

*TYPICAL NON-EQUILIBRIUM SYSTEM

-ISING MODEL WITHOUT INTRINSIC DYNAMIC
‘COARSE GRAINING OF TIME SCALE

‘SINGLE FLIP

0,P(0;,-..00,1) =D W(—0; =>6)P(..—0;.. )-W(5; =>—0)P(..0;..)

0,P(0)=L(o)P(0)
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ISING MODEL and A SINGLE BATH

:—hZa——ZJ 0,0 ;
<Ij>
_(2h+2Jz)Zn -2> J;nn;

<l,]>

o =1-2n,
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Glauber Model

L= [(1-d")d;exp(E, /T) + (1-d; )exp(—E /T) ]

E =h+J(0)-2)> J,d7d;; J0)=)J,

(D)
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o, .
— 7)) = —2{ oy wiloy) ),

ot

PHENOMENOLIGICAL ANSATZ
GLAUBER/SUZUKI | [ o
| — o, tanh (—)]

W' (o) = —
L0

OUR EXACT RESULT

i{:—jl; .II B < | }- (E)> < | l (5)>
ST ) = § Sl T — & @; COsI T .
(e7;) wp( Eﬁﬁf] cosh £ 1 tanh E;
wilo; ) = Kexpl —=——) = KCOsll | — — Oj Le — :
l!_,» i f I \ T I } _T' T
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DISCUSSION: TRANSITION RATE

W. (o ;) =K cosh (Ej [ | — o, tanh (5) ]

T T

E. = Z Jij o
High temperature: same behavior-microscopic time scale
Low temperature E>»>T: different behavior

o, =1

(1) E. < 0 not adapted

w(l),., =xexp(| E;|/T) < w°=1/a

short time flips

(i) E; >0 w(l)=xexp(—E, /T)
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DISCUSSION: TRANSITION RATE

E. B E;
W. (o ;) —Kcosh(?j [ 1 tanh(_l_ j ]

Low temperature E>>T: different behavior

o, =—1

(1) E; < 0 not adapted

w(-1),;_, =xexp(—|E;|/T)=0 flips sup.
(i) E, >0 w(-1)= xexp(E,/T) high rate
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Coupling to two reservoirs

=»S (1 _ﬂrf}t, -HAT 4 HAT 4 () —de-}e‘Hf-’”“dff”im].

Two different reservoirs: Tand T

Local energy: \

H, =(& —u)n,
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Coupling to two reservoirs

L=wv2> [(1-dl)d;exp((s; — u)/2T)

+ (1 — d;)d] exp(— (= — p)/T")].

expl— HJ2T")d; exp(H/2T)|1) = expls; — n)/27|0},

expl— HJ-IET'}J:’ exp(H/2T)|0) = exp(— (g; — w)2T")|1).

T

T—{ A- process activated by T
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Result

v o<n >=expi(g — )/ 2T'] <1-n >—exp€ — 1)/ 2T <n >

1 o1 1l 1
with —=—|—4+ —|.

" exp((g: = p)/T.) + T, AT T

{" i'.‘::'s
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Induced phase transition

&; = E[h,; + > J,-J-{.:rj}] .

o

v lafoy = — r{o) + blo)y — ulo)”,
dith »=2T L L E_Tzl L L L
withh » = 27Ty T. To | =0l T T. Tol’
2 1 1 1
= Tz"‘;rz e |l T T3 (23)
Symmetry:
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OUTLOOK

Diffusion and two different reservoirs

L:ﬂz(l —d, d7) d’d; exple/2(1/T;, = 1/T,)]
1]

Continuous model for n(x,t)

— —
- -

on=—Ve | |=DWn+AnVI

Stationary solution

n(X) =¢ exp(A/D T(X))
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Summary

“*Master equation in a quantum representation
“» Transition probability distribution
“*Extension to two reservoirs

“»Induced phase transition

oDiffusion and heat transport
oCoupled equations
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INTRODUCTION

Different levels
*Microscopic quantum approach
*Macroscopic  thermodynamics
*Mesoscopic hydrodynamic,
phase transitions
probabilistic approach

Aim: characterization of states
evolution process, equations



Stochastic models on a mesoscopic level

Joint probability density distribution
P.(1,2,..n) 1=(xq, 1), ty>.01,
Conditional probability

P.(1,2..n) = P(1]2,..,n)

Reduced distribution P, =3 P,

1. Simplification: Markov Process
P.(1,2..n) = P(1|2)

Consequence
P.(1,2,..n) = P(1]2) P(2]|3).. P(n-1|n) Py(n)
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Chapman-Kolmogorov Equation
P(13) =3 P(12)P(2[3)

2. Simplification: Uniform in time
P, (Xp,t5X0.t) = P(X,,t-t, [X5) Pi(x,)

Consequence: Master equation
3.Simplification: Contin. Time
P =T(xx) 1=t—t
T(x[x7) =To(x[x") + W(x[x") T+ 0(7%)
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or, (X]

X) o ot
- _Zjdxw(x|x)TT(x|x)

Constraint Y [dxW(x|x)=0

Define new function to resolve the
constraint

WX | X)) =w(x|[X)=5(x-x)> jdiw(i X))

Master Equation gain lost

e /

)~ 5 x| 9T, (% )~ [T, )
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dpln,t) = Z [-wl[-n | 7'y p(n' ) — w(n' | n)p(n, 1‘ ZL n.n')p(n',t)

nf

w(n' | n) = exp[—FH(n") /2] V(n' | n) exp[3H(n)/2].

ps(n')  Vin'|n)
ps(n) — Vin|n')

exp(F[H (n) — H(n")]).

Oep(n, t) = Z[exp( GH(n)/2)V(n | n') exp(3H(n')/2) p(n',t)

n."

— exp(—FH(n")/2)V(n' | n)exp(FH(n)/2) p(n,t)].
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