OPE on the
lattice

QCDSF
collaboration

Calculation

Results
0" order
1% order

Conclusions

Operator product expansion on the
lattice: analytic Wilson coefficients

Holger Perlt!

1Leipzig University,
together with: M. Gockeler, R. Horsley, P. Rakow, G. Schierholz, A. Schiller
(QCDSF collaboration)

CompPhys06 workshop
Leipzig, November 30- December 2, 2006



OPE on the
lattice

QCDSF
collaboration

Calculation

Results
0" order
1% order

Conclusions

Outline

Introduction
Lattice OPE and structure functions



OPE on the
lattice

QCDSF
collaboration

Introduction

Lattice OPE and structure
funct

Calculation

Results
0" order

1* order

Conclusions

Outline

Introduction
Lattice OPE and structure functions

Calculation



ALl Outline

QCDSF
collaboration

Introduction

Lattice OPE and structure

Introduction

Calculation Lattice OPE and structure functions
Results

0" order

1* order

Conclusions Calculation

Results
ot order
15t order




ALl Outline

QCDSF
collaboration

Introduction

Lattice OPE and structure

Introduction

Calculation Lattice OPE and structure functions
Results

0" order

1* order

Conclusions Calculation

Results
ot order
15t order

Conclusions




OPE on the
lattice

QCDSF
collaboration

Introduction

Lattice OPE and structure
functions

Calculation

Results
0" order

1* order

Conclusions

DIS, structure functions, OPE

Scheme of deep inelastic scattering




M | attice OPE

QCDSF
collaboration

Introduction

Lattice OPE and structure
functions

Moments of structure functions (Myn(g?)) are related to
operator product expansion (OPE) of the product of two
conserved vector currents between states of particles

Calculation

Results
0" order

1* order

Conclusions Mn(qz) = Agz)(a) + AI§14)(a) + ]




OPE on the
lattice

QCDSF
collaboration

Introduction

Lattice OPE and structure
functions

Calculation

Results
0" order
1% order

Conclusions

Lattice OPE

Moments of structure functions (Myn(g?)) are related to
operator product expansion (OPE) of the product of two
conserved vector currents between states of particles

Ma(9?) = AP (a) + AN@)+ ...,

A,(f), Ar(f): reduced nucleon matrix elements of local

operators of twist-two and four
: Wilson coefficients
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Lattice OPE

Moments of structure functions (Myn(g?)) are related to
operator product expansion (OPE) of the product of two
conserved vector currents between states of particles

Ma(9?) = AP (a) + AN@)+ ...,

A,(f), Ar(f): reduced nucleon matrix elements of local

operators of twist-two and four
: Wilson coefficients

A,q): computed on the lattice
: usually computed perturbatively in MS-scheme



OPE on the
lattice

QCDSF
collaboration

Introduction

Lattice OPE and structure
functions

Calculation

Results
0" order

1* order

Conclusions

Wilson coefficients

Problems:

» Operator mixing (higher and leading twist) on the
lattice



OPE on the
lattice

QCDSF
collaboration

Introduction

Lattice OPE and structure
functions

Calculation

Results
0" order
1% order

Conclusions

Wilson coefficients

Problems:

» Operator mixing (higher and leading twist) on the
lattice

» Renormalon contributions: coefficients of leading
twist operators and expectation values of higher twist
operators — cancel in the complete OPE sum if
calculated in the same framework: lattice



OPE on the
lattice

QCDSF
collaboration

Introduction

Lattice OPE and structure
functions

Calculation

Results
0" order
1% order

Conclusions

Wilson coefficients

Problems:

» Operator mixing (higher and leading twist) on the
lattice

» Renormalon contributions: coefficients of leading
twist operators and expectation values of higher twist
operators — cancel in the complete OPE sum if
calculated in the same framework: lattice



OPE on the
lattice

QCDSF
collaboration

Introduction

Lattice OPE and structure
functions

Calculation

Results
0" order
1% order

Conclusions

Wilson coefficients

Problems:

» Operator mixing (higher and leading twist) on the
lattice

» Renormalon contributions: coefficients of leading
twist operators and expectation values of higher twist
operators — cancel in the complete OPE sum if
calculated in the same framework: lattice

— it is recommended to compute the Wilson coefficients
on the lattice as well



OPE on the
lattice

QCDSF
collaboration

Introduction

Lattice OPE and structure
functions

Calculation

Results
0" order
1% order

Conclusions

Wilson coefficients

Problems:

» Operator mixing (higher and leading twist) on the
lattice

» Renormalon contributions: coefficients of leading
twist operators and expectation values of higher twist
operators — cancel in the complete OPE sum if
calculated in the same framework: lattice

— it is recommended to compute the Wilson coefficients
on the lattice as well

— need to control possible lattice artefacts (O(a?) -
effects)
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Reduced Wilson coefficients c¢(q?):

C(a,q) = ¢(g?) Ceorn(a.q),
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On the lattice both the non-perturbative C(a, q) and
Gonclusions Cgorn(a, q) have corrections of O(a?):
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"j;;ffgfjjﬂ:mm Reduced Wilson coefficients ¢(qg?):
Caleulation C(a,q) = ¢(a*) Csorn(a, a),
On the lattice both the non-perturbative C(a, q) and
Conclusions Cgorn(@,q) have corrections of O(a?):
Ceorn(a,0) = ngRN +(aq)? Cn(azchN .
C@a) = ¢(a°)Cidy + (aa)’c®(@*) CTry + ---

Taking the the ratio

(2)
C(a,q) (0) (2 2)(n2 (0) (2 BORN 2
— = +(c —-C aq)-+...
Coorn(a.0) (02)+(c?(c?) (@) (aq)




OPE on the

attice Symbolic calculation of C%RN

QCDSF
collaboration

Introduction

Starting point:
tree level Compton scattering amplitude W, (&, p, q) with off-shell quark states of momentum p in
Calculation Wilson’s formulation:

Results N 4
Wav(@,p,a) = (plu(@3)@]p)
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| Expansion into powers of p,, («» D /) up to third order (restriction due to numerical simulations)
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tree level Compton scattering amplitude W, (&, p, q) with off-shell quark states of momentum p in
Wilson’s formulation:

W@ p,a) = (p|3u(@3]@)]p)
= (pPITuvIp)
= 2 Colv g snorn @D (P1O@ - P) -

| Expansion into powers of p,, («» D /) up to third order (restriction due to numerical simulations)

P> Identification of the possible local operators O(a)zl’””“n contributing to Wy, (a, p, q)
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Results N 4
Win(a,p,a) = (p|3u(@3}(@)p)
1 order = PITuvlp)
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Conclusions = Cuu,m,-z-yun (aq) (p \O(a)ulp_”“n \p) .
m,n

| Expansion into powers of p,, («» D /) up to third order (restriction due to numerical simulations)

P> Identification of the possible local operators O(a)"“Ll’””“n contributing to Wy, (a, p, q)

i _ N e o e o o
> Unpolarised case: ¥1¢, ¥y, D v, ¥ Dy Do, ¥yu Dy Dw D p¥
) _ - s _ o o _ - o o
Polarised case: ¥y, v5% ; Youy D w¥, YYuvs Dv D w¥, Youy Dw Dp D 2\
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Calculation Wilson’s formulation:

Results N 4
Win(a,p,a) = (p|3u(@3}(@)p)
1 order = PITuvlp)
. m m
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P> Identification of the possible local operators O(a)ul’””“

. contributing to Wy, (a, p, q)
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> Unpolarised case: ¥1¢, ¥y, D v, ¥ Dy Do, ¥yu Dy Dw D p¥
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> Expansion of the operators into the bases of irreducible representations of hypercubic group H(4)
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OPE and structure Starting point:

funetons tree level Compton scattering amplitude W}“,(a, p, q) with off-shell quark states of momentum p in
Calculation Wilson’s formulation:

Results

Wiv(@p,a) = (o33} @)|p)
12 order = PITuvlp)
. m m
Conclusions = Cuu,m,-z-yun (aq) (p \O(a)ulp_”“n \p) .
m,n

| Expansion into powers of p,, («» D /) up to third order (restriction due to numerical simulations)

P> Identification of the possible local operators O(a)"“Ll’””“n contributing to Wy, (a, p, q)

i _ N e o L o e o
» Unpolarised case: 1, Yy Do, ¥ Dy Do, Y7y Dv Dw D p¥
) _ _ s _ o o _ - o o
Polarised case: ¥v,v5v¢ , Your D w¥ s YYu¥s Dv D w¥, ¥ouy Dw Dp DAY
> Expansion of the operators into the bases of irreducible representations of hypercubic group H(4)

> Projection of the corresponding coefficients — Wilson coefficients




OPE on the

attice Symbolic calculation of C%RN

QCDSF
collaboration

Introduction

OPE and structure Starting point:
funetons tree level Compton scattering amplitude W}“,(a, p, q) with off-shell quark states of momentum p in
Calculation Wilson’s formulation:

Results

Wiv(@p,a) = (o33} @)|p)
12 order = PITuvlp)
. m m
Conclusions = Cuu,m,-z-yun (aq) (p \O(a)ulp_”“n \p) .
m,n

| Expansion into powers of p,, («» D /) up to third order (restriction due to numerical simulations)

m

P |dentification of the possible local operators O(a)ul’””“

. contributing to Wy, (a, p, q)

i _ N e o L o e o
> Unpolarised case: ¥1¢, ¥y, D v, ¥ Dy Do, ¥yu Dy Dw D p¥
) _ _ s _ o o _ - o o
Polarised case: ¥y, V5%, Youy D w¥, ¥¥u¥s Dv D w¥, Youy Dw Dp DAY
> Expansion of the operators into the bases of irreducible representations of hypercubic group H(4)
> Projection of the corresponding coefficients — Wilson coefficients

P> This program has been carried out with Mathematica completely
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2 8ar cos(aq, /2)?

TQ@a)/e2 =  —arsu, dly — . Sp P+
Calculation Q
2 . /2)? _
Results Z ar cos(aq, /2 )" cos(aar) Spw YLy +
0" order E Q
1 oner 8ar? sin(aq, /2)sin(ag, /2) -
Conclusions Q2 Pl —
2ar3 cos(aq, ) sin(aq,, /2) sin(ag, /2) -
S (q)I(Ztm/)l(0|/)wlw+
= Q
2ar cos(aq, /2) sin(aq, /2) sin(aq,,) ST
QZ
2 L /2)si 2)sin(agqy) -
ar cos(aq, /2)sin(aq,, /2) sin(aq )1/)11/J+
QZ
2ia cos(aqy /2) cos(ad, /2)sin(ads) -
E: o2 VYrV5€povr ¥,

with

2
Q*=Q%a,q) = Y _sin(aq)? +r? <Z(1 - cos(aqT») :

T
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In order to save space we give the following results for the special momentum transfer

Calculation q=(f,f,f,f), s=sinf, c =cosf, Qg =4s? 4 16(1 — C)ZA
(If not shown explicitly we seta = 1andr = 1.)

Results
0" order
1 order Diagonal part (’Tl(f)):
Conclusions
operator representation Wilson coefficient a expansion
— 1 6(3—c)(1—c 3 5 2
A - 88=0=0) Qlé ) —Ba - Se@h?)

Off-diagonal part (7’1(20)):

operator representation Wilson coefficient a expansion
5 1 2(3—c)(1—
Py e o= 30— £ @h?
- - 4 i(1
a5, sy T s > - B@)

2 of
Of
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cgngbcgl-?;in The expansion up to one covariant derivative cannot be given in readable form. Here, | present the
Wilson coefficients only.
Introduction ,Tl(ll):
Defining the combinations
Caleulation by = 4i(1—c)(74— 126c + 63c° — 9c®)/Q}
Fz‘elefs b, = —4i(6— 8c +3c%)s?/Qf
L orte by = 4i(4—3c)s?/Qf
Conclusions by = —4i(l—c)(4—9c+ 3c2)/Qf4
operator repr. Wilson coeff. a expansion
1(O11 + Opp + Oz3 + O44) ‘Fil) 1 (by + 3b3) 2f2( 2(af)?)
HOu+02 - 05 -04) 7 For-b)  BE- 4@
(011 - 0) P 4oy —by) 15'3 (14?2
%(012 +O21), \/(013 + O31) ‘Fée) %(bz + bg) éi‘;( - %(@@h?)
L (014 + Oa) " Lbpby) (- %(af) )
%(023 + Ozp), \%(024 + Oy2) Tg,e) V2bg szz (1-i@h?)
L5(034 + Os3) P Vb sz = §ah?)
L0 0), L0 -03) ¥ dbr-by)  —HA- & 5(@h?)
L (014~ 04) 1 i -by) - a- SEh?)

(Ouv = Fvu D )
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OPE and structure
florciers We find the combinations
Calculation
Results
0" order by
1% order
b
Conclusions
bs
by
bs
bg
b7
bg
bg
b1g
byy
b1,

—4i(1 — ¢)(33 — 52¢ + 24c? — 3c®)/Qf
4i(7 — 9¢ + 3¢?)s?/Qf

—4i(3 — 20)s%/Q}

6i(1 — ¢)’(1+¢)(2 - ¢)/Q}
2i(1 — ¢)?(4 — 9¢ + 3¢?)/Qf
2i(1 — ¢)?(1 + ¢)(4 — 3¢)/Qf
—4(1 — ¢)(19 — 18¢ + 3c2)s/Qf
2(1 — ¢)(14 — 15¢ + 3¢%)s/Qf
12(2 - ¢)s3/Qf

—4s®/qf

—2(1 — c)(4 — 9% + 3¢%)s/Qf
—2(4 — 3(:)53/Qf4
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operator repr. Wilson coeff. a expansion

IiETeE T (011 + Oz + O35 + Oug) D by +bs 4f2 @+ B@?)
c ) 1(O11 + Oz — O3 — Og4) ‘Fis) by —bs 4f2 1+ 19 2 (af)?)
Calculation %(012 + O21) Tée) Vb, szz (1- —(af) )
Results %(013 + O31), \/(014 + Ou1) ‘Fée) %(% + bg) 4ff2 1+ ﬁ(af)z)
L L300+ 09). 202+ 0p) ) Lbstby) Ot @)

Conclusions W(O“ +O4) Tée) \/iba 8\2/(1 - —(af) )

%(013 — Oz1), \/(014 Ou1) ‘FiG) %(% — by) 4\/§f2 (1- (@h?)
(023 — O3), (024 = 0g) 7 Li(bg —by) M'—fzu - fa@n?

V3O 23y + OF(13y) =¥ /32010 + bo) fo (1 - 4(a?)
VEO oy +05114y) =Y Veby, -2 - {En
‘/io-zr{lsp ‘/Eo-zr{u} Tés) —+/6bg 2\‘/@?(1 - 4(af)?)

V208 114y, —V20] (50 = Vb, - 4@
— 2 (O], + O35 — 20],) = V2(byy +by) O ICOD)

75O + Ofgg — 201, o Vaby v )

1S e (r.2,3 SOP) Ol D 3 —b) /2201 4(@n?)

%(OLZ + Ol + OI) @ 4= (4byy — 2b7) 2v3a (1 _ 4(af)?)
\%(O-zru + OJg3 + O349) i‘t) 7%b11 —agm (- 3

Opv = 1/;'}’;1, D v, Olyu = U;C'uu D w?)
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Conclusions

» We have developed a program for expanding
tree-level scattering amplitudes symbolically

» We have found analytic expressions for Wilson
coefficients corresponding to local operators up to
third order in covariant derivatives

» We have classified them according to irreducible
representations

» Next steps: O(a)-improved fermions, overlap
fermions
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