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aspect ratio
R

L

← sphere radius

← distance plane-sphere
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Origin of negative entropy
Geometry and dissipation



Negative Casimir entropy
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Negative specific heat
in quantum dissipation

A digression: Negative specific heat of the free damped particle

Specific heat for a system coupled to its environment

C = CS+B −CB
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level repulsion can lead to negative specific heat



Interaction entropy
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S1 S2

det(S)

det(S1)det(S2)
= 1− [

r1r2 exp(2ikL)
]∗

1− r1r2 exp(2ikL)

for details see e.g.: GLI, Lambrecht, Am. J. Phys. 83, 156 (2015)

Casimir energy

ECas(L) =∆Evac −∆E(1)
vac −∆E(2)

vac

Casimir entropy
SCas(L) =∆S−∆S(1) −∆S(2)



Two sources of
negative Casimir entropy

round-trip operator M (ξ) =R1(ξ)T12(ξ)R2(ξ)T21(ξ)

free energy at high temperatures

F = kBT

2
ln

[
det

(
1−M (0)

)]
entropy

S =−∂F
∂T

Two reasons why the roundtrip operator can vanish at zero
frequency:

1. reflection operator R

electromagnetic response of scattering object
â Drude metal

2. translation operator T

polarization mixing â geometry of scattering objects



Negative entropy induced
by geometry
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→ consider large distance limit



Large-distance limit

Ï only one round-trip
R1T12R2T21

Ï only dipole scattering (`= 1)

Ï small wave numbers dominate

channel analysis TE
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Reflection and translation

round-trip: R1T12R2T21

Mie coefficients
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Translation coefficients
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Ï mode-mixing channels suppressed at small wave numbers
Ï free energy contribution vanishes at high temperatures
Ï negative contribution to the Casimir entropy



Negative entropy

The contribution of the polarization-mixing channel vanishes at high

temperatures. → negative contribution to the entropy
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Negative entropy
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Negative entropy

The contribution of the polarization-mixing channel vanishes at high

temperatures. → negative contribution to the entropy
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Free energy at weak damping
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Channel analysis for
weak damping
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Channel analysis for
weak damping
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Numerics for large aspect ratios
Beyond PFA



Experimental aspect ratios
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Round-trip operator

round-trip operator

M (ξ) = e−K (L+R)RPe−K (L+R)RS

RP

RS

e−K (L+R)e−K (L+R)

symmetrized round-trip operator

M̂ (ξ) =
√

RSe−K (L+R)RPe−K (L+R)
√

RS

RP

√
RS

√
RS

e−K (L+R)e−K (L+R)



Matrix elements

Reduction of the dynamics of matrix elements by symmetrization
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A closer look at the
matrix elements
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Performance improvement

hierarchical matrices

Ï subdivision into hierarchy of rectangular blocks

Ï approximation by low-rank matrices

→ data sparse matrices

Ambikasaran, Darve, J. Sci. Comput. 57, 477 (2013)

S. Ambikasaran, A fast direct solver for dense linear systems (2013)
https://github.com/sivaramambikasaran/HODLR

https://github.com/sivaramambikasaran/HODLR


Performance improvement

Complexity of calculating a N ×N determinant by LU decomposition: O (N3)
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Optical properties of gold
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Zero-frequency contribution

Ï Drude model: TE mode not reflected

Ï plasma model: both modes are reflected

Difference described in terms of the high-temperature limit

the following data are for gold at room temperature



Corrections to the force
beyond PFA
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Ï for Drude model: correction independent of R for small L/R
Ï at larger distances, subleading order corrections become important
Ï for plasma model: structure of the derivative expansion result does not apply
Ï perfect reflector at T = 0 does not yield an upper bound on correction



Corrections to the force
beyond PFA
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Limit on corrections beyond PFA

Peff(L,R) =− 1

2πR

dF

dL
= Ppp(L)

[
1+β′ L

R
+ . . .

]

Krause, Decca, López, Fischbach, Phys. Rev. Lett. 98, 050403 (2007)





Derivative expansion

Ï local expansion of the free energy
Ï the upper hemisphere of the sphere may not contribute

Ï analyticity of the perturbative kernel
Ï plasma model does not allow for derivative expansion

• Fosco, Lombardo, Mazzitelli, PRD 84, 105031 (2011)
• Bimonte, Emig, Kardar, EPL 97, 50001 (2012)
• Bimonte, Emig, Kardar, APL 100, 074110 (2012)
• Fosco, Lombardo, Mazzitelli, PRA 89, 062120 (2014)
• Fosco, Lombardo, Mazzitelli, PRD 92, 125007 (2015)

Peff(L,R) = Ppp(L)

[
1+β′(L)

L

R
+ . . .

]

Bimonte, Emig, Kardar, APL 100, 074110 (2012)



Corrections to the force gradient
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excluded by Krause, Decca, López, Fischbach, Phys. Rev. Lett. 98, 050403 (2007)

β′PR
T=0 =

2

3
βPR

T=0

Ï experimental bounds for β′ violated for Drude and plasma model

Ï violation for plasma model more significant than for Drude model


