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Aging following a zero-temperature quench in the d = 3 Ising model
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Aging in phase-ordering kinetics of the d = 3 Ising model following a quench from infinite to zero temperature
is studied by means of Monte Carlo simulations. In this model the two-time spin-spin autocorrelator C,, is
expected to obey dynamical scaling and to follow asymptotically a power-law decay with the autocorrelation
exponent A. Previous work indicated that the lower Fisher-Huse bound of A > d/2 = 1.5 is violated in this
model. Using much larger systems than previously studied, the instantaneous exponent for A we obtain at
late times does not disagree with this bound. By conducting systematic fits to the data of C,, using different
Ansditze for the leading correction term, we find A = 1.58(14), with most of the error attributed to the systematic
uncertainty regarding the Ansdtze. This result is in contrast to the recent report that below the roughening

transition universality might be violated.
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I. INTRODUCTION

Aging phenomena, quite generally, arise in out-of-
equilibrium systems for times shorter than the time it takes
to reach a thermodynamically stable state [1,2] and are fre-
quently studied in glassy systems [3-5]. Aging in nonglassy
systems, such as the paradigmatic Ising model given by the
Hamiltonian H = — (ij) 00 with the spin variables o; €
{—1, 41}, is more accessible by theoretical analysis [2]. For
quenches to below the critical temperature 7., most numer-
ical work on aging phenomena in phase-ordering processes
both in two [6—10] and three [11-13] dimensions are in good
agreement with the available theoretical bounds [6], as well as
being compatible with some approximate predictions [8,14].
One exception are quenches to particularly low temperatures
in three dimensions where numerical work so far has been
inconclusive [6,15-18].

The phase-ordering kinetics following such a quench is
described by the characteristic length scale £(¢) of domains
of like spins, which is predicted to follow the power law

£(t) o t“, (D

with o = 1/2 for nearest-neighbor interacting systems, ir-
respective of the spatial dimension d [19]. In the case of
a zero-temperature quench in d = 3, many works [6,17,20—
22], however, have found the growth to be slower than ex-
pected, which was attributed to pre-asymptotic effects [21].
We recently reported results from simulations of much larger
systems and found that instead of approaching 1/2, o actually
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(at least preasymptotically) takes values larger than 1/2 [23].
We then conjectured that at early times the formation of spon-
gelike structures of the domains hinders the growth, while at
later times the collapse of said structures does enhance the
growth rate.

To better understand this nonequilibrium process, we study
its aging characteristics by probing the two-time spin-spin
autocorrelator given by

Cag(ta ty) = (0i(t)oi(tw)), (2

where 7 is the observation time and #,, the waiting time. One
expects dynamical scaling in the scaling variable y = ¢ /t,, and
that [1,2]

Cag(t, 1) = fe) =5 feooy 7, 3)

where fc is the corresponding scaling function, A the auto-
correlation exponent, z = 1/« the dynamical exponent, and
Jc.o the amplitude of the asymptotic power law. As usual, it
is assumed that both #,, and ¢t — #,, are much larger than some
microscopic reference timescale #icro-

The goal of this work is to probe for dynamical scaling and
to estimate the autocorrelation exponent A in Eq. (3). An early
approximation by Ohta et al. [14] yields A = d/2 [24], with d
being the spatial dimension. More generally, Fisher and Huse
(FH) [6] argued that A has to be in the interval [d /2, d], which
corresponds to A in between 1.5 and 3 here. Numerically,
they find A to effectively vary with time and that it is below
or equal to their lower bound using very small systems of
N = 80 spins. A later approximation by Liu and Mazenko
(LM) [8] predicted a value of A ~ 1.67. More recent numer-
ical work, the most recent being Refs. [15-18], report values
of A far below the LM value and outside the FH bound. As in
equilibrium the nature of interfaces changes at the roughening
transition, it appears plausible that this may also cause differ-
ent nonequilibrium behavior. Specifically, it was argued [18]
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that these anomalies arise as a result of nonuniversal behavior
below the roughening temperature T = 0.547, [25], where
in equilibrium interfaces are locally flat instead of rough, as
they would be for T > Ty [26]. This effect is most dominantly
seen at zero temperature, which is the case considered here.
These authors already pointed out the need for considering
large systems for studying dynamics at such low temperatures
[15]. We believe that the aging results for their considered box
lengths are still affected by transients which might have led
to such a conclusion. We revisit this complex problem, armed
with resources and methods that are capable of handling much
bigger systems over long time periods.

The rest of the paper is organized as follows. In Sec. II
we describe the methodology used. Our numerical results are
presented in Sec. III, and we conclude in Sec. IV.

II. METHODS

Part of the later analysis invokes direct use of the charac-
teristic length scale £(¢), which we obtain by measuring the
two-point equal-time correlation function C(r, t) = (0;0;) —
(0i){o}). As C(r,t) obeys dynamical scaling, i.e., C(r,t) =
C(r/L(t)), the length £(¢) can be extracted by finding the dis-
tance r = £(t) at which the correlation function has decayed
to 50% (or any other percentage; for details see Sec. III of the
Supplementary Material in Ref. [23]).

The simulations were carried out for nonconserved order-
parameter dynamics with Monte Carlo (MC) updates utilizing
the Glauber acceptance criterion [27]. At zero temperature
this translates to accepting (rejecting) every spin-flip attempt
that decreases (increases) the internal energy of the system,
and accepting a flip without a change in energy with 50%
chance. As at low temperatures most spin-flip attempts would
otherwise be rejected, we use the rejection-free n-fold way
update [28], which has identical dynamics as the Glauber
update and speeds up the simulations significantly.

All data presented were averaged over 40 independent
realizations for the system sizes L = 512, 1024, and over 36
realizations for L = 1536. We make use of periodic boundary
conditions. The simulation for each realization is carried out
by using a different initial random configuration (correspond-
ing to T = oo with close-to-zero magnetization per lattice
site, i.e., m ~ 0) and using a different random number seed for
each time evolution. Throughout, error bars correspond to the
standard error obtained by using the Jackknife method [29].

III. RESULTS

Figure 1 shows the characteristic length scale as a function
of time ¢ in Monte Carlo sweeps (MCS). Although roughly
compatible with the expected power-law growth o #!/2 (solid
line), the data shows some deviations: At early times it grows
much slower and for L = 1536 at late times it grows faster.
For a detailed analysis see Ref. [23], where we also present
the instantaneous growth exponent, which shows the growth
faster than ¢!/2 very clearly.

One problem in the estimation of A is that when plotting
Cag(t, 1) as a function of ¢/t,, and fitting a power law one
obtains only the exponent ratio A/z. As outlined above, also
the value for z = 1/« is still debated and effectively changes
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FIG. 1. Characteristic length scale £ vs MC time ¢. Although
power-law growth with exponent 1/2 (solid line) is expected, at early
times slower and at late times faster growth is observed.

with time, which complicates the estimation of A. To avoid
this problem, it is common [15-18] to choose x = £(¢)/¢,, as
a scaling variable where ¢,, = £(t,), giving rise to the aging
relation

Caglt, 1) = fe () =5 femox™. 4

In Fig. 2 the autocorrelation function C,g is plotted vs
x =4L(t)/L, for (a) different system sizes and (b) different
waiting times (cf. Appendix A). As can be seen in Fig. 2(a),
finite-size effects occur in the usual way: For small x the data
points fall on a common curve, and for larger x the data sets
bend away from this common curve in order of ascending
system size. Dynamical scaling is probed by considering the
curves for different #,, shown in Fig. 2(b). These collapse as
expected from Eq. (4), although particularly for small 7,, and
for small x, not perfectly. Besides the suboptimal dynamical
scaling, C,, also does not (yet) decay according to a pure
power law. For x 2 10 it can be seen that the function decays
at least as fast as the FH lower bound and is not incompatible
with the LM value. This leads us to believe that the FH bound
is not violated (unlike previously conjectured).

To study the effective variation of the power-law exponent
for C,; with time more quantitatively, one can consider the
instantaneous autocorrelation exponent

dInCyy
dinx ©)
The results for A; are shown in Fig. 3 as a function of 1/x. As
can be seen, A; for 1/x > 0.4 is practically a linear function,
which seemingly allows a linear extrapolation to 1/x — 0
(solid line). Vadakkayil et al. [17] have performed such ex-
trapolations using system sizes up to 5123 and found that A;
approaches a value of 1.2, which is well below the FH lower
bound [6] and far below the LM value [8] of 1.67. When
performing this exercise we obtain a similar value for A, viz.
A =~ 1.0. This somewhat smaller value than that in Ref. [17]
may be due to £ having been measured differently [30]. Only
by studying larger systems does it become apparent that the
linear behavior is in fact misleading: The data for L = 1024
and L = 1536 in Fig. 3(a) on the interval 1/x € [0.2, 0.4]
are still in good agreement and well above the extrapolating

i
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FIG. 2. Autocorrelation function Cyl(t,,) plotted against
£(t)/€,. The dashed lines show the FH lower bound [6] and the
solid lines the LM value [8]. (a) Results for different system sizes
L and (b) for different waiting times #,, in units of MCS. The actual
values for the mnemonic #,, shown here and in subsequent figures are
provided in Appendix A.

line. Only at 1/x < 0.2 does the data for L = 1024 leave the
common curve, which marks the onset of finite-size effects
for this system size. Therefore, on this interval finite-size
effects are negligible, and the extrapolating line does not
provide any information on the true asymptotic behavior. The
key problem, it appears, is that finite-size effects in A; show
themselves in form of the curve drifting towards higher A;. As
a consequence, an increase in A; (before the onset of finite-size
effects) may easily be mistaken for a finite-size effect, and
this indeed seems to be the case. Additionally, from Fig. 3(b)
it becomes immediately clear that the value obtained from the
extrapolation strongly depends upon the choice of #,,. It shows
A; for various waiting times t,,, and for each 7,, we would get
a different estimate for the asymptotic A if we were to carry
out the extrapolation.

The reason for finite-size effects causing A; to shoot up is
that £(r) stagnates at some value when finite-size effects set
in, and thus any further decreasing autocorrelation will effec-
tively have the same x value when plotted against £(¢)/£,,, as
can be seen in Fig. 2(a). Consequentially, this gives rise to the
very steep slopes of Cy(?, f,,) which lead to the large values
for A; visible in Fig. 3. Hence, it is worth considering C,,
as a function of ,/y = 4/1/t,, (corresponding to the expected
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FIG. 3. Instantaneous autocorrelation exponent A;(t,f,) Vs
[£(2)/€,]17" (a) for different system sizes and (b) for different waiting
times #,,. The solid black lines in (a) and (b) show an extrapolation in
1/x as performed in Ref. [17].

asymptotic behavior of £(¢)/€, for an infinite system). In
this case finite-size effects result in smaller (absolute) slopes,
which allows differentiation of an increase in the analogously
to Eq. (5) defined instantaneous exponent

dInCy

[A/z]i x 2= _dlnﬁ

(6)

from finite-size effects.

We thus repeat the same type of analysis as above but using
/Y as the scaling variable instead of x. In Fig. 4 we show
the two-time autocorrelator (a) for different system sizes and
(b) for different waiting times. As outlined above, finite-size
effects appear in form of a reduced decay of C,; when plotted
against ,/y; see Fig. 4(a). Similar to Fig. 2(b), the quality of
the collapse of C, for different waiting times [Fig. 4(b)] is
moderate, whereas C,, for different L agrees well before the
onset of finite-size effects.

In Fig. 5 the instantaneous exponent [A/z]; X 2 is presented
(a) for the studied system sizes and (b) for different waiting
times. As before, it increases at later times (that is, small
1/./y), which now is clearly distinguished from the finite-size
effects (cf. Fig. 3), in which the exponent strongly decreases.
For t, = 7 x 10? in units of MCS [Fig. 5(a)] alongside the
linear behavior for large 1/,/y, now also for small values of
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FIG. 4. Asin Fig. 2 but using ,/y as the scaling variable instead:
Autocorrelation function Cy, (2, £,,) plotted against ,/y. The dashed
lines show the FH lower bound [6] and solid lines the LM value [8].
(a) Results for different system sizes L and (b) for different waiting
times 7,,. In both panels the upper abscissa shows y (as opposed to
/Y in the lower abscissa).

the abscissa the exponent changes linearly. The rate at which
the exponent changes is not incompatible with the LM value
(solid line).

Similar observations can be made when considering larger
waiting times [Fig. 5(b)]: The dataset for 7, =2 x 103, just
before the onset of finite-size effects, follows a straight line
with a different slope also consistent with the LM value (solid
line). The data forz,, = 5 x 103 is not as conclusive but is also
compatible with the estimate, and for larger waiting times too
little range of the abscissa is covered before finite-size effects
set in.

Theoretically, on the other hand, using local-scale invari-
ance (LSI) [2,31] and studying exactly solvable models such
as the one-dimensional Ising model and the spherical model,
one expects the leading correction in C,g to be in 1/y [32].
Thus, it seems natural to consider the instantaneous exponent
of C,¢ with respect to y. Of course, log-log plots of C,, against
y look precisely the same as in Fig. 4, with the y values read
off from the upper abscissa. Surprisingly, when carrying out
the extrapolation of the instantaneous exponent in 1/y (see
Fig. 6) we get quite different extrapolating values of similar
quality. Graphically the data appears just as compatible with a
linear extrapolation in 1/y as it does with an extrapolation in
1/./y. In this case the intercept was fixed to 1.5 (the FH lower
bound) instead of 1.67 (the LM value).
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FIG. 5. Asin Fig. 3 but using ,/y as the scaling variable instead:
Instantaneous exponent [A/z]; x 2 vs (t/t,)~'/? (a) for different sys-
tem sizes and (b) for different waiting times f,. In both cases the
solid lines are guide to the eye, connecting the data points to the LM
value of 1.67 as 1/,/y — 0. The value of the FH lower bound 1.5 is
shown with dotted lines.

The above analysis strongly relies on the use of the in-
stantaneous exponents of C,, and the extrapolation in 1/x,
1/./y, and 1/y in these. The calculation of the instantaneous
exponents requires numerical derivatives subject to various
subtleties such as the used stencil and the point density and
typically have larger errors than the original data. We there-
fore now turn to studying the original data for C,s and using
correction-to-scaling fits to extract a quantitative estimate for
the asymptotic value for A. Note that for this quantitative
exercise we are quoting the actual waiting times instead of the
mnemonic ones (cf. Appendix A). The linear behavior with
respect to 1/,/y seen in Fig. 5 suggests empirically that the
leading correction term for Cyg is in 1/,/y, i.e.,

Cag () = ay‘”Z<1 - i), (7a)
NG

where a is the amplitude of the leading term and c the strength
of the first correction term. Plugging this into Eq. (6) yields

e 2
S o WG

Bme WY

Analogously, a leading correction of Cyg in 1/y [32], i.e.,

2
[A/2)i x 2= -} —
Z

Cag(y) ay*/Z(l - §> (8a)
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FIG. 6. As in Fig. 5 but using 1/y as abscissa instead of 1/,/y:
Instantaneous exponent [A/z]; X 2 vs (t/t,)~! (a) for different sys-
tem sizes and (b) for different waiting times 7,,. In both cases the
solid lines are guide to the eye, connecting the data points to the FH
lower bound 1.5 (shown as dotted lines) as 1/y — 0.

yields

2c y—>002 2c
=S4 -=
y—c¢ 4

[A/z]i x 2= %A — (8b)

The results from performing fits of C,, with both
correction-to-scaling Ansdtze are summarized in Fig. 7 for
L = 1536. The range of the fits [Vmin, Ymax] Was determined in
the following way: yna.x was fixed as 2 x 10° /t,,, Where tyax =
2 x 107 is the time when finite-size effects set in, determined
through the maximum location of the instantaneous exponent.
(fmax 18 practically independent of #,,.) The lower bound yp;,
we have systematically studied by monitoring the goodness of
the fit [33]; see Fig. 7(a). Due to the strong correlation of the
obtained time series, the numerical value obtained for X2 as
a measure for the goodness of the fit has little significance.
However, it is still useful to compare it for different yuy;n,
as a rapidly growing x? for small yp, can indicate the y at
which only a first-order correction is no longer sufficient. By
doing so, we have found that for t,, = 699 both fit Ansdtze
are justified down to ymi, & 65 — 75. Note that this yp;, is in
principle independent of 7,,. Although the x? values obtained
for the 1/,/y fits are slightly smaller than those obtained for
the 1/y fits, both are within error bars and we cannot make
any quantitative statement on which Ansarz performs better.
The error bars on the fitting parameters were obtained by
using the Jackknife method [29], that is, carrying out many
fits with subsets of the data and then calculating the spread of
the obtained parameters.

The estimates of the exponent 2)/z obtained from this
analysis are shown in Fig. 7(b). The values of the exponent
for t,, = 699 and 1857 agree until yyi, =~ 60, which is when
there are too few data points [34] for the larger waiting time,
which is reflected in quickly growing error bars and a decay in
the exponent. For 7, = 699 a much larger range of yn,;, can be
studied. Throughout this range the obtained values for 21 /z
are constant within error bars, although a trend of a slightly
increasing 2A /z with increasing yp, cannot be ruled out. The
largest systematic uncertainty comes from the choice of the
scaling correction. Throughout, we obtain larger values for
A/z when using ,/y as scaling variable; the reason for this is
that 1/, /y is a stronger correcting term than 1/y. Numerically,
it is unfortunately impossible to discern which fitting Ansatz
is more appropriate.

This is demonstrated in Fig. 7(c), where the fitting func-
tions for both Ansdtze are shown for the fitting range y €
[76,290]. For the 1/,/y Ansatz, using Eq. (7a) we obtain the
fitting parameters
? =178(25), ()

20/z =1.633(83), a=28.8(2.3),

and for the 1/y Ansatz, using Eq. (8a),

20/z = 1.507(64), a=5.3594), c=11.52.5), (10)
is found. Note that we present ¢ for the 1/ /Y Ansatz, as then
in both cases the third parameter is in the same units as y, thus
allowing straightforward comparison of the correction ampli-
tudes. At the scale of the plot, both fits are indistinguishable
from the data except for small y outside the fitting range. The
inset shows the ratio of the two fitting functions within the
fitting interval which varies around 1.0 & 0.001. The relative
error of the data in the relevant range is about one order of
magnitude larger, i.e., 1% — 2%, which leads us to conclude
that (at least numerically) we cannot draw any conclusion
on which form describes the data better. In Appendix B we
consider yet two other forms for C,g for which the asymptotic
limit of the instantaneous exponent in Eqs. (7b) and (8b) is
exact.

Figure 7(d) shows the instantaneous exponent from Fig. 5
alongside the curves calculated from Egs. (7b) and (8b) us-
ing the fitting parameters from Fig. 7(c). Within the range
of the fits resp. the extrapolations, all lines agree with the
data well within error bars. As for the asymptotic values of
2)/z, they range from 1.5 to 1.7, which (using the theory
value z = 2) includes both the FH lower bound of A = 1.5
as well as the LM value of A &~ 1.67. As can be seen from
Egs. (7b) and (8b), for y — oo the instantaneous exponents
obtained from fits of C,; should correspond to the linear
extrapolations in the numerical data for the instantaneous ex-
ponent. Because the graphical extrapolations do not take into
account the subtracting term in the denominators of Egs. (7b)
and (8b), they deviate slightly from the log-derivatives of
the fits.

This fitting exercise leads to the conservative estimate of
A € [1.44,1.72] (obtained from the upper bound of Eq. (9)
and the lower bound of Eq. (10), assuming that asymptotically
z = 2 holds), which includes the FH lower bound, the value
of 1.6 found for quench temperatures above Tz [11-13], as
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FIG. 7. Correction-to-scaling fits on Cy(?, f,,) using Egs. (7a) and (8a), denoted by “1/,/y fit” and “1/y fit,” respectively, for L = 1536.
(a) x? per degree of freedom using ¢,, = 699 and 1857 as a function of y,;, With y.x = 2 X 10° /tw. Colored shades correspond to error bars
obtained by Jackknifing [29]. The dashed vertical line shows the yu;, chosen for subpanels (c) and (d). (b) Numerical value for 2) /z obtained
from the same fits as in (a). (c) Data and fitting functions for Cy(?, t,,) and t,, = 699. The fitting range y € [76, 290] is indicated by dashed
vertical lines. The inset shows that the ratio Eq. (8a)/Eq. (7a) of the two fitting functions varies by less than 0.1% within the fitting range.
(d) Instantaneous exponent as in Fig. 5. Solid lines show log-derivative of the fits from Eqgs. (7a) and (8a), dashed lines are the graphical
extrapolations in 1/,/y and 1/y as shown as guide to the eye in Figs. 5 and 6, respectively.

well as the LM approximation, while excluding low values of
A ~ 1.1 from Refs. [16,18] and A ~ 1.2 found in Ref. [17].

IV. CONCLUSION

We have performed large-scale Monte Carlo simulations
with Glauber updates of the three-dimensional Ising model
when quenched to T = 0 for system sizes up to 1536°. In this
setting we have studied the two-time spin-spin autocorrelation
function to probe aging phenomena in this system. The main
objective was to test for dynamical scaling and to determine
the autocorrelation exponent A.

The observed dynamical scaling in our data is not optimal,
i.e., the autocorrelator C,, does not collapse perfectly when
plotted as a function of ¢/z, for different waiting times z,,.
We suspect this to be due to the presence of preasymptotic
effects even for very large systems and at considerably late
times. This is in agreement with late preasymptotic effects
observed in the characteristic length scale we recently re-
ported on [23]. Nonetheless, our observations suggest that
the FH lower bound is obeyed in this model, which is in
contrast to earlier reports [ 15—18]. At the latest times we could
study, the decay of the autocorrelation function is at least as
fast as the FH lower bound. As the instantaneous exponent
throughout is increasing, an asymptotic value for A below
1.5 seems very unlikely. In fact, based on our results, even
larger values, potentially compatible with a value of 1.6 as ob-
served in quenches to nonzero temperatures 7 > T [11-13],
or with 1.67 as suggested by Liu and Mazenko [8], appear
realistic.

In an attempt to get an as quantitative as possible es-
timate of the asymptotic value of A from our data, we
have carried out correction-to-scaling fits to the two-time
spin-spin autocorrelation function data by varying both the
fitting range [Ymin, Ymax] and the waiting time #,,. By doing
so we obtain a conservative estimate A = 1.58(14), which
includes the FH lower bound, the value seen for tempera-
tures above the roughening transition 7, and the LM value.
We find larger exponents when using ,/y as a scaling vari-
able than when using y. This trend is not specific to using
fits of C,g but also occurs when carrying out extrapola-
tions in the instantaneous exponents with respect to 1/x =
)/ )" = (V1/tn) ' =1//7 as compared to those
performed with respect to 1/y (see Appendix B for quanti-
tative fits of the instantaneous exponent). For a conclusive
answer, however, even much larger systems would need to be
studied.

Regarding the recent report of nonuniversality in quenches
to below the roughening transition temperature 7 [18], our
results are in favor of universality even for quenches to zero
temperature far below Tk. An interpretation of the observa-
tions in Ref. [18] could be that instead of nonuniversality
for temperatures below Tg, strong corrections to scaling are
induced that result in an extraordinarily long preasymptotic
regime, which we expect to be strongest at 7 = 0. For tem-
peratures below 7k, nonequilibrium interfaces are locally flat
over increasing distance with decreasing temperature. It is
hence plausible that preasymptotic behavior is seen when the
coarsening length scale is less than the distance at which
interfaces are flat. This is consistent with above corrections
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TABLE I. Actual waiting times ¢,, and their rounded mnemonic
values usually referred to in the text.

Actual ¢, Mnemonic #,,
699 7 x 107
1857 2 x 10°
4864 5% 103
7855 8 x 103
12674 13 x 10°
22484 22 x 103

to scaling strongest at 7 = 0 and links the roughening tran-
sition to the observed long transients. It would be interesting
to see whether one makes similar observations for nonzero
quench temperatures below 7 when studying systems as
large as we did here. In particular, it might be insightful to
carry out correction-to-scaling fits for various quench tem-
peratures and monitor the magnitude of the amplitude of the
corrections, c.
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APPENDIX A: ACTUAL WAITING TIMES

The measuring times are evenly spaced on a log scale,
and we have selected the studied waiting times as a subset
of these. Because of this design choice, both the measuring
times as well as the waiting times are not round numbers.
Additionally, as we chose to use for 7, every tenth point in
time for t < 5000 and every fifth for t > 5000, this translates
to quite odd waiting times, which is why we have usually
referred to their rounded values, except when discussing the
quantitative fitting analysis. In Table I we show the actual
times at which we have saved the spin configurations.

APPENDIX B: FURTHER FITTING ANSATZE
FOR THE AUTOCORRELATION FUNCTION

Previous work such as Refs. [13,16] also used an exponen-
tial correction Ansatz for Cy, i.€.,

/s C
Coe(y) = ay " exp (——),

B1
NG (Bla)

as it yields an instantaneous exponent linear in 1/,/y, i.e.,

D/ali x 2= 20— <
2li = AT T,
AW

when plugged into Eq. (6). Similarly, when using the scaling
variable y, the exponential correction Ansatz,

(B1b)

~ —\/z ¢
Cag(y) = ay exp —; , (B2a)

yields

2c

[A/z]i x 2 = 5L, % (B2b)
z Yy

Similar to the fitting exercise in Sec. III, we have carried
out fits of C,, using the Ansditze Eqgs. (Bla) and (B2a) on the
same fitting range y € [76, 290], giving for the 1/,/y Ansatz
in Eq. (B1a) the parameters

2A0/z = 1.73(13), a=13.0(5.6), c*=24(13), (B3)
and for the 1/y Ansatz [Eq. (B2a)]
21/z =1.527(73), a=5.7(1.2), c¢=14.03.7). (B4)

As in this case the instantaneous exponent is just a linear
function, we carry out fits using the numerical data for the
instantaneous exponent as well. Here, we find for the 1/,/y
Ansatz [Eq. (B1b)]

20/z = 1.74(12), ¢* =24(11), (BS)
and for the 1/y Ansatz [Eq. (B2b)]
2)/z = 1.521(65), ¢ =13.5(3.0), (B6)

which is in very good agreement with the values obtained
using the exponential fitting Ansdtze for C,,. Note that the
statistical errors of the fitting parameters for the fits of the
instantaneous exponent are even slightly smaller than those
of Cy,. Initially, one might expect the Jackknife errors to be
larger for the fits carried out on the instantaneous exponent, as
it is subject to various subtleties mentioned above. We suspect
that this effect is reduced by the fact that only two fitting
parameters are required instead of otherwise three. However,
this is a mere numerical observation, and we make no claim
on either fitting approach (on the autocorrelation function or
the one on the instantaneous exponent) being better than the
other.

While the fitting parameters of the exponential 1/y fit in
Eq. (B4) are fully consistent with those in Eq. (10), the statis-
tical errors of the exponential 1/,/y fit in Eq. (B3) turn out to
be much larger than those in Eq. (9), and the estimate for 21 /z
shifts to a considerably higher value, albeit still compatible
within error bars. This would increase our final estimate for A,
but due to the comparatively large uncertainties, we have not
taken this fit into account.

044148-7



GESSERT, CHRISTIANSEN, AND JANKE

PHYSICAL REVIEW E 109, 044148 (2024)

[1] Kinetics of Phase Transitions, edited by S. Puri and V.
Wadhawan (CRC Press, Boca Raton, FL, 2009).

[2] M. Henkel and M. Pleimling, Non-Equilibrium Phase Tran-
sitions, Vol. 2: Ageing and Dynamical Scaling far from
Equilibrium (Springer, Heidelberg, 2010).

[3] Ageing and the Glass Transition, Lecture Notes in Physics,
edited by M. Henkel, M. Pleimling, and R. Sanctuary (Springer,
Heidelberg, 2007), Vol. 716.

[4] J.-P. Bouchaud, L. E. Cugliandolo, J. Kurchan, and M. Mézard,
Out of equilibrium dynamics in spin-glasses and other glassy
systems, in Spin Glasses and Random Fields, edited by A. P.
Young (World Scientific, Singapore, 1997), pp. 161-223.

[5] J.-P. Bouchaud, Aging in glassy systems: New experiments,
simple models, and open questions, in Soft and Fragile Matter:
Nonequilibrium Dynamics, Metastability and Flow, edited by
M. E. Cates and M. R. Evans (IOP Publishing, Bristol and
Philadelphia, 2000), pp. 285-304.

[6] D. S. Fisher and D. A. Huse, Nonequilibrium dynamics of spin
glasses, Phys. Rev. B 38, 373 (1988).

[7] K. Humayun and A. J. Bray, Non-equilibrium dynamics of the
Ising model for T less-than/equal-to 7;, J. Phys. A: Math. Gen.
24, 1915 (1991).

[8] F. Liu and G. F. Mazenko, Nonequilibrium autocorrela-
tions in phase-ordering dynamics, Phys. Rev. B 44, 9185
(1991).

[9] M. Henkel, A. Picone, and M. Pleimling, Two-time autocor-
relation function in phase-ordering kinetics from local scale
invariance, Europhys. Lett. 68, 191 (2004).

[10] E. Lorenz and W. Janke, Numerical tests of local scale invari-
ance in ageing g-state Potts models, Europhys. Lett. 77, 10003
(2007).

[11] D. A. Huse, Remanent magnetization decay at the spin-glass
critical point: A new dynamic critical exponent for nonequilib-
rium autocorrelations, Phys. Rev. B 40, 304 (1989).

[12] M. Henkel and M. Pleimling, Local scale invariance as dynami-
cal space-time symmetry in phase-ordering kinetics, Phys. Rev.
E 68, 065101(R) (2003).

[13] J. Midya, S. Majumder, and S. K. Das, Aging in ferromagnetic
ordering: Full decay and finite-size scaling of autocorrelation,
J. Phys.: Condens. Matter 26, 452202 (2014).

[14] T. Ohta, D. Jasnow, and K. Kawasaki, Universal scaling in
the motion of random interfaces, Phys. Rev. Lett. 49, 1223
(1982).

[15] S. K. Das and S. Chakraborty, Kinetics of ferromagnetic order-
ing in 3D Ising model: How far do we understand the case of
a zero temperature quench? Eur. Phys. J.: Spec. Top. 226, 765
(2017).

[16] S. Chakraborty and S. K. Das, Coarsening in 3D nonconserved
Ising model at zero temperature: Anomaly in structure and slow
relaxation of order-parameter autocorrelation, Europhys. Lett.
119, 50005 (2017).

[17] N. Vadakkayil, S. Chakraborty, and S. K. Das, Finite-size scal-
ing study of aging during coarsening in non-conserved Ising
model: The case of zero temperature quench, J. Chem. Phys.
150, 054702 (2019).

[18] N. Vadakkayil, S. K. Singha, and S. K. Das, Influence of
roughening transition on magnetic ordering, Phys. Rev. E 105,
044142 (2022).

[19] A. J. Bray, Theory of phase-ordering kinetics, Adv. Phys. 51,
481 (2002).

[20] J. D. Shore, M. Holzer, and J. P. Sethna, Logarithmically slow
domain growth in nonrandomly frustrated systems: Ising mod-
els with competing interactions, Phys. Rev. B 46, 11376 (1992).

[21] F. Corberi, E. Lippiello, and M. Zannetti, Influence of thermal
fluctuations on the geometry of interfaces of the quenched Ising
model, Phys. Rev. E 78, 011109 (2008).

[22] S. K. Das, S. Roy, S. Majumder, and S. Ahmad, Finite-size ef-
fects in dynamics: Critical vs coarsening phenomena, Europhys.
Lett. 97, 66006 (2012).

[23] D. Gessert, H. Christiansen, and W. Janke, Superdiffusion-like
behavior in zero-temperature coarsening of the d = 3 Ising
model, Sci. Rep. 13, 13270 (2023).

[24] C. Yeung and D. Jasnow, Two-time correlations, self-averaging,
and an analytically solvable model of phase-ordering dynamics,
Phys. Rev. B 42, 10523 (1990).

[25] M. Hasenbusch, S. Meyer, and M. Piitz, The roughening tran-
sition of the three-dimensional Ising interface: A Monte Carlo
study, J. Stat. Phys. 85, 383 (1996).

[26] H. van Beijeren and I. Nolden, The roughening transition, in
Structure and Dynamics of Surfaces I1: Phenomena, Models, and
Methods, edited by W. Schommers and P. von Blanckenhagen,
Topics in Current Physics (Springer, Berlin, 1987), Vol. 43,
pp- 259-300.

[27] R. J. Glauber, Time-dependent statistics of the Ising model,
J. Math. Phys. 4, 294 (1963).

[28] A. B. Bortz, M. H. Kalos, and J. L. Lebowitz, A new algorithm
for Monte Carlo simulation of Ising spin systems, J. Comput.
Phys. 17, 10 (1975).

[29] B. Efron, The Jackknife, the Bootstrap and Other Resampling
Plans (Society for Industrial and Applied Mathematics, SIAM,
Philadelphia, PA, 1982).

[30] Reference [17] defines £(¢) as the first moment of the domain-
size distribution, whereas we obtain £(z) through C(r, 1).

[31] M. Henkel, From dynamical scaling to local scale-invariance:
A tutorial, Eur. Phys. J.: Spec. Top. 226, 605 (2017).

[32] H. Christiansen, S. Majumder, M. Henkel, and W. Janke, Aging
in the long-range Ising model, Phys. Rev. Lett. 125, 180601
(2020).

[33] For ym.x the goodness of the fit is not a suitable criterion because
of rapidly increasing error bars of C,, for large y.

[34] For both waiting times, the largest y,;, presented corresponds
to a fitting range consisting of six data points.

044148-8


https://doi.org/10.1142/9789812819437_0006
https://doi.org/10.1103/PhysRevB.38.373
https://doi.org/10.1088/0305-4470/24/8/030
https://doi.org/10.1103/PhysRevB.44.9185
https://doi.org/10.1209/epl/i2004-10180-y
https://doi.org/10.1209/0295-5075/77/10003
https://doi.org/10.1103/PhysRevB.40.304
https://doi.org/10.1103/PhysRevE.68.065101
https://doi.org/10.1088/0953-8984/26/45/452202
https://doi.org/10.1103/PhysRevLett.49.1223
https://doi.org/10.1140/epjst/e2016-60313-6
https://doi.org/10.1209/0295-5075/119/50005
https://doi.org/10.1063/1.5052418
https://doi.org/10.1103/PhysRevE.105.044142
https://doi.org/10.1080/00018730110117433
https://doi.org/10.1103/PhysRevB.46.11376
https://doi.org/10.1103/PhysRevE.78.011109
https://doi.org/10.1209/0295-5075/97/66006
https://doi.org/10.1038/s41598-023-39328-7
https://doi.org/10.1103/PhysRevB.42.10523
https://doi.org/10.1007/BF02174211
https://doi.org/10.1063/1.1703954
https://doi.org/10.1016/0021-9991(75)90060-1
https://doi.org/10.1140/epjst/e2016-60336-5
https://doi.org/10.1103/PhysRevLett.125.180601

